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• RTSVUDWYX[Z]\^S`_baDced>fDgTX[ZhceS=UjilkhcegmS`Zndpo^X[_=_VX[Z.fjqo^X[d>UHimr,c3UjUsfjgutGimS`g3vjwyx chxzgut{imS`glw,XGglimceq|i}r%c3UjUsfDg~ W]i}\^g�XGfHqnX[g�c�guf	d9XGi}\�XGg ~ W]�Hgmc��Y\�XGi}\lce�s�YSq�c�Z]\^�=qnXDx
• �bc�WYXGgl_`S=UH�HXGg^imr,c3UHUYfjg ~ W]�<i}\^guX{fjqnXGgl�jg^c��s\�X{i�\q�c�Z]\^�=qnX�ceglwjceS=q�_��ji}\Tq�c�Z]\^�=qnX[d��h_`_=fHq|imc3qkDS`Z]�h�{_=_=fjq (*AsE[��6
• ��_=W{c3UDWYX{i�\�X�d9X[_=_`S`Z.c�g�im�=Usfjimd9XG_`_`S`ZHx� ceS�\ufHi}r%c3UjUKXGU	ceg�im�=UYfHim_VXGW�XDvHi}k ~]~ W]�{_`_guX{�D�=�hq�cegm�YSBx
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u(t) =







1 ced t > 0

0 ced t < 0

w,X[Z]cegl��im�YS`_=W{gmceS=U�\T� t = 0 x� \^guX{fjq�_`S=UH�	ceZYX]i}r%c3UjUsfD_=S=Uj��imc3q��YkhceS`�Y\�c�g�t�c�ZYXim_`�h�Y�Y\�tQksS`Z]\^�=qnX{UjU t = to qnt�_��DiuX]q�ceZceS=UDSVUDWYX[g^wjgmcerHd>XG_`_`SVUYfyx
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´¶µ �¸·º¹���»�ceg�i^fHq]q]X�c�SVUDS=UjWYX[gmwHgmcerjd9XG_`_VX

f(t) = 2u(t − 6) + 3u(t − 2)

\^ceS`�DUYfjZnq�ceZ
¼`½`¾<¿ ¾<À ¾�¾VÁ>¿ ÁÂ¾9ÃÄ Á{½DÅDÆsÇÂ¼`ÈÂÉ=ÊÂË`ÌBÍ ¼<Î ÏVÐ�ÃÄ Å�½DÑDÆsÇÂ¼`ÈÂÉ=ÊÂË`ÌBÍ ¼<Î ÅVÐ�ÃÄ Ñ�½ Ä ÁhÒ Ä Å9ÃÊ ÄpÓ Ë`Ô=È9Í Á`ÐÉVÕ�Ö�¼9Í ¼<Î Ä Ñ=Ð× Õ�ØÂÙ=È`Õ9Í`Ú ¼#Û ÇpÜ<Ú Ð�ÃÝ Õ�ØÂÙ=È`Õ9Í`Ú Ä Í ¼ÞÐHÛ ß`ÜBÚ Ð�ÃØ × Ä Ç�ÍVÛ à�ÁYÁ`ÁYà`Á�áÂÜÞÐ�ÃÉ=Ô Ä Ì`¼jàpâ=ÈpÉÞÇ,Ú ÇÂ¼`ÈÂÉãÀ ÈÂÉVÇ9Ú
imceq�Whc�d>fjg
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•
� � ~ ZhfHq�r��D_=i���d�cegm�GX{UHUh\�XGZYXGU	�¶q�ceZ
 X \�XGg^qntG_`S`Z��{x�
��D_Vi}SVUjU fp(t) k{XGgmS`gT� ∆imc����HUj�HfDg ~ Wnajc�d>fjgla��¶ZhS=UKX 1/∆ x

• ¹�t \�fjq�U�� ∆ −→ 0 v ~ W]wKtQk�c�gmZ�fjglr��D_Vi}SVUjUq�o}�{gmg^S ~ Wna��¶gmg^S9x
•
µ X[g^�YWhS`_=�jS`Z.c�gl�sceUH�KXGUj_`ceW�X]aHtGg ~ W�sceUH�HX{Uj_`c�WYX�q�o}�hglr��j_=ilimceq|aDced>fDg 
 X[\�XGg^qnt[_`S=Z
�hxz�bc�\^\�X�ceg AD6>$�6�$��,)HEG6>(���F���+36�$�$

δ(t) = lim
∆→0

fp(t)

w,X[g�i}c3q
fp(t) =







1

∆
ced 0 ≤ t ≤ ∆

0 X{UjUKX[gui
•
� S=Zni>o^tGfHq�X[ZnS=q�r��j_=imd9X[_=_`S`Z.cegTX[_=_=i^i�\�X[ZYX[g�U��j_`_UjceqnX�w,XGglimceq�dÞgufjq��Hgmc��s\�X�wjc3i^i�c�gTU��j_`_9vHw,X[gceglwKXGZ]�Yc3Uj�KX{UD_`ceWYX]aHt[\m\3x
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∆ t t t∆

1/∆

f (t)f (t)p p

1/∆
f (t)p

� d�r��D_Vi}SVUjU	k{XGg�fDrHrKaHX 
 ceWYX K/∆ t]a��ºZ ~ W ∆ t�Hgmc�SV�j�yvjw,t�c�g 
 X[\�X[guq]tG_baHX{Uji (K/∆)∆ = K ~ Wim�Yg^S`d9X�qnt�aKXGUHU	imc3q
f(t) = Kfp(t)

w,tQd���i�\
lim
∆→0

f(t) = lim
∆→0

Kfp(t) = K lim
∆→0

fp(t) = Kδ(t)

w�x chxzw,XGZnXGZnqnXGgmWhd>XG_=�KX�S=q�r��j_=i�q�c�Z]\^�h_=f���d9XGi}\�X���Hgmc��s\^S`g�XGZ{ceS=UHi 
 X \�X[g^qntG_`SbaKXGUHievjc��s�sS�a��ºZ]U! �Hgmc�SV�j�yx
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• # S%$%fDg^��k��G\uS�c�SVUDS=UjWYX[gmwHgmcerjd9XG_`_=imS=UHi�cegXG_`_=i^i}\�X[ZYXGg�U��D_=_9vKUjceqnXQkDS`Z t = 0 vjw,XGg�ceg�aKXGUHU�sceUH�HX{Uj_`c�WYX�aKtGgevHiuXGqnX{U��%c�g�S=q�r��D_=iex
• & tG_`W�fjq u(t) q�ceZ ũ(t) i}k ~

u(t) = lim
∆→0

ũ(t)

• # S%$%fDg^��k��G\uS ũ(t) c�glceS=UjS=UjW�XGgmS=q�r��D_=imS=UHU
� ũ(t)� t = fp(t)

c3U�wHceW�XGg ∆ −→ 0 k�c�g^Zhfjg
lim
∆→0

fp(t) = δ(t)

w�x chxzceS=UjS=UjW�XGgmS=q�r��D_=imS=UHU ceg��DS'$%fDgm�Yk��G\^SceS=UDSVUDWYX[g^wjgmcerHd>XG_`_=imS=UHiex
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• )�q�r��D_=imS=UHU	ceglce�Y�sSyd9XG_`_y�bi�\ugm�hUjW�fji}\ufq�c�g^�YS=UjW�f#x � r%c3UjUsfD_=S=Uj��imc3q�Whc�d>fjg�S=q�r��D_Vi�v\3x �yx v(t) = 10δ(t) ceg�aDce_=�HfDglce�s�YS#\^S=_9x
•
� U	w,X[Z]ceg�a��¶W{\TXGZ]���KXQ\^S`_bUHtG_`W�fjU t�SVq�r��j_=iev\3x �yx¸imr,c3UHUYfj_`S=UH��i}c3q�dÞcegld�gut+*Q\^S=_��hx,*-*.*sx,*.*-*� ~ WOX[dÞ\ufjg��/*nt�fHq0� µ i�vHimc3q�ceg�U��¶WhS`_`ceW�XWh�{ZnUKt[_`W�fHU	� 
 cei}\ufHq \^S`_`d�ce_`_=fHq	x

•
� S=UjS=UjW�XGg 
 X \�X[g^qntG_`S`Z.�hc3q�fjgl\^S`_ykhceWhUKX
∫

∞

−∞

δ(t) � t =

∫ 0
+

0−

δ(t) � t = u(0+)−u(0−) = 1
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��_Vq�c3UHUh\�qnt��KUjUKX
I =

∫

∞

−∞

f(t)δ(t − to) � t
w�x chx�\uc�WhgmS`Z�X[d�ceS=UHahk�ceg>omf	d9X[_=_`S f(t) qnXGgmWhdÞ�h_=�HfDZ�fq�c�ZnS=q�r��j_=imSykDS`Z�\u�=qnXGUHU to x

t t

f(t)

o

�bcei^imS�i}\ �¶g^Z]ceg�U��D_=_bX[_`_Vimi}\�XGZYX[gTUjc3q]X�� t = to ��wDkD�
δ(t − to) c�g�U��D_=_�UjceqnX�� t = to ��x¸��ks��q]t]im�YgmS=d>X\^ceW{g^S`Z.imceq

I =

∫ t
0+

t
0−

f(t)δ(t − to) � t
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t t

f(t)

o

� ceg^fjq|i}�=Z�X{U	gut[ZndÞ�sgmS=gTXGZ f(t) �jgmc��s\^S=i}\�c��s�sS#���jg�hg^i}\ufs\^\�\^�=qnXG�jS=_`S`Z [t0− , t0+ ] ~ W]q�ceZhaj��Uj�j_=fHqd9X[_=_`S`Z f(t) imceq�d9XGi}\�X f(to) � ~ W�\u�{�Dfjq �D\ldÞ�sg^S`g ~ Wd9tGfHq
I = f(to)

∫ t
0+

t
0−

δ(t − to) � t = f(to)

��ks�bXGZ�\^ceW{gmS=ZOX[d�S=q�r��D_Vi}SVUYfHq�c�g �hx
��_Vq�c3UHUh\Tc�g

I =

∫

∞

−∞

f(t)δ(t − to) � t = f(to)
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� � ~ ZhfHq�U��O\uc�WhgmS`ZOXGd�ceS=UjS=UjW�XGgmwHgmc�rHd9X[_=_`S=Usf

∫ t

−∞

u(τ − to) � τ =







0 ced t < to

t − to ced t > to







ceZ�X
∫ t

−∞

u(τ − to) � τ = (t − to)u(t − to)

� �YS`_=W{gmceS=Usfjq Aj6�$�6>$��K)KE )K(��b),$�$
r(t) imceq

r(t) = tu(t)

ceZ�X
r(t − to) = (t − to)u(t − to)

to t tto

r(t-t  )o ou(t-t  )
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��_Vq�c3UHUh\�qnt�gmS�\�X
∫ t

−∞

u(τ − to) � τ = r(t − to)

R XG_`_VX[\�XG_VX]c�S=UjS=UjW�XGgmguX{q�rKX{UHilceg � dÞ�DgmS`g t > to
~ W *dÞ�sg^S`g t ≤ to vjw�x c{x

�� t r(t − to) = u(t − to)

� S=Z]Whc�\ufHq�aHXG_=�jS`ZOt[d�guX{q ~ Wnim�YS=_`W{g^c�S=U�\ceS=UDSVUDWYX[gm� 
 c��DW{� ~ WYXDvHc�SVUDS=UjWYX[g}�<wjgmS=Z�omfjW{gutGZ�fDd9XG_`_~ x iex d�g}k#x
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��_=W{c3UDW{\�q�cegm�sSyceg
f(t) = A c −at

� S=Z�kDS�\ufHq|X[Z]c 0 = 1 i}k ~ X[Z f(0) = A c 0 = A x
� �sg^S`g t < 0 w,t�c�g f(t) > A x
� dbk�c�_V�DS=imd9XG_`_`S`ZOceg�q]XGgmWhd9X[_=�KXGZ.q�ceZ]ceS=UjS=UjW�XGgmwHgmc�rHSw,tQd���i�\�d9X[_`_bimceq�ceg�U��D_=_ydV�DgmS`g t < 0 c3UOk�ce_=�DSVi}d9XG_`_dÞ�sg^S`g t > 0 vjw�x c{x

f(t) = A c −atu(t)

&���(*),+ 5 /�0%/�� � k�c�_=�jS=imd9X[_=_=imS=UjiTc�g�im�sS`_`WhgmceS=Uj�HfjgTq�c�Z
τ =

1

a~ W�kDS`Z t = τ d ��i}\
f(τ) = A c − 1

τ
τ = A

1c
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t t

f(t) = Ae

A A

f(t) = Ae   u(t)-at -at

# S%$%fDg^��k��G\uSykhce_=�jS=imd9X[_`_Vi}SVUjiTc�gTXGdÞ\ufDg�khce_=�jS=imd9X[_`_
f(t) = A c −at

� f(t)� t = −aA c −at

� dbk�c�_V�DS=imd9XG_`_`S`ZOceg�q]XGgmWhd9X[_=�KXGZ.q�ceZceS=UDSVUDWYX[g^wjgmcerHd>XG_`_`S ~ Wn�jS%$,guXGZnwKt�d��ºi}\
� f(t)� t = A

( c −atδ(t) − a c −atu(t)
)

ceZ�X � f(t)� t = A
(

δ(t) − a c −atu(t)
)
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• ��_=W{c3UDWYX{i�\�X�d9X[_=_`S`Z.c�g�im�=Usfjimd9XG_`_`S`ZHx
•
� S=ZnU ~ \ufHq�im�=Usfji ~ W�� ~ im�=UsfHizo}�{d>Usfjqaj�hUH�jfHq	x # ��q�S�fjq�im_`�`�Y\Td>XG_`_�c�g

f(t) = A cos(ωt + θ)

w,X[g�i}c3q A v ω ~ W θ ceg^f	d9X{i}\�X[g3x

 A ceg �D\uim_VXGWnq�cegm�YSVi}SVUji

 ω ceg�a ~ g^U�\^�`Z�UDS

 t ceg�\^�Vq�S

 θ cegld9XGiuX{a ~ g^U

• � 4 5 ),$ T cegTi^tQ\^�Vq�S�i}c3q�wKXGZ�\^c��Dfjgd�g^fHq��Hgmc��Y\�f	d9X[_=_=imS=Uji�X[Z]d9X[g�X�d�gut+*Q\^S=_ 2π vjw�x c{xcedbksS`Z]\u�=qnXGUHU t1 W{S=_=�DS=g ωt1 + θ = 0 wKt�ceg
t1 = −θ/ω ~ W]ksS=Z�\^�=qnX{UjU t2 WhS`_=�jS`g
ωt2 + θ = 2π w,t�c�g t2 = 2π − θ/ω vHw,tQceg_ ~ \�X�im�sS`_`WhgmceS=Uj� imceq

T = t2 − t1 =
2π − θ

ω
+

θ

ω
=

2π

ω

M �
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f(t) = A cos(ωt + θ) = A sin(ωt + φ)

~ W
φ = θ +

π

2� X[_=_`S`Z.ceUH�jfjg}\^ce�DfDg�imS`WOt 2π guX{�jSVXGUKX�d�gmc3i}\^S�c�ZYX]t
T imce���HUj�HUKXQd�gmcei}\^SBx
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��ks�yWhS`_=�jS`g
f(t) = f(t + nT ) n ∈ Z

ceZ�X
f(t + nT ) = A cos(ω(t + nT ) + θ)

= A cos(ωt + ωnT ) + θ)

= A cos(ωt + ωn
2π

ω
+ θ)

= A cos(ωt + θ + 2nπ)

= A cos(ωt + θ) = f(t)

·º�Vq]XG�HS`_`S`Z T t[�Yk{XGgmZYX[g�ceS=UHX]i}khceS 
 f XGd����D_`W o}fHUHUDS~ W]ceS=UDSVUDWhS=U�ceg�i}ce���jUH�jfjg�r%ceg�i�k�ceS 
 fyx
�TUH�Hahk�c�g^d>X�i}\ �ºgmZ{SVU aDced>fDglc�S=UjS=UjWhfHUKX�i}khceS 
 fDg�timc����HUj�Hf�ceZ�X�gmS`Z�� R��hvjR�c�gm\���� ~ W]�{X[_`_ÞXGi}\ 5 �V0#$�6 f vw�x chx

f =
1

T
=

ω

2πceZ�X
ω = 2πf
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t [s]

i(t
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[A
]

� X[W{\lcegTX[Z.imS=UYfHimd9X[_`_=S`Z.i  π/2 guX{� ���-* ◦ ��t�cedÞ\^S`g
� ~ imS=Usfjimd9XG_`_`S=Usf ~ W.X[Z
� ~ imS=Usfjimd9X[_=_`S`ZOi  π/2 guX{�
�	�.* ◦ ��t�fjUH�HX{U	im�=Usfjimd9XG_`_`S=Usf

cos ωt = sin
(

ωt +
π

2

)

sinωt = cos
(

ωt −
π

2

)
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