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Introduction

From Gudmundsson and Lieberman (1997) PSST 6 540

The inductive discharge in the cylindrical configuration
In its simplest form it is a tube made of quartz or ceramic
placed inside a solenoid (the primary coil) through which rf
current is applied
These discharges have been explored extensively through
the years See e.g. Eckert (1986) Proceedings of the Second Annual International Conference on

Plasma Chemistry and Technology, p. 171 – 202



Introduction

From Sultan (2019)

We apply an inductively coupled discharge in the cylindrical
configuration for hydrogenation of semiconductors



Introduction

An inductively coupled discharge in the cylindrical
configuration been translated into a plasma cell that is
approx 5 cm diameter and 1 m long



Introduction

From Lieberman and Lichtenberg (2005)

The inductively coupled discharge is either in the
cylindrical or planar configuration
Inductive coils are commonly driven at 13.56 MHz or
below, using a 50 Ω rf generator through a capacitive
matching network



Introduction

Lieberman and Lichtenberg (2005)

The high inductive voltage required for the inductive coil
can be supplied from a 50 Ω rf generator through a
capacitive matching network



Introduction

Radio frequency (rf) inductively coupled plasma
discharges have been studied for over almost 140 years
Their operation is based on Faraday’s law

∇× E = −∂B
∂t

An rf current flowing through an antenna coil induces a
time-varying magnetic field which in turn produces an
induction field, which generates and sustains the discharge
This system can be thought of as a transformer circuit in
which the antenna coil acts as the primary circuit, while the
plasma forms the secondary circuit with a single circular
loop



Introduction

Inductive discharges date back to
the first report by Hittorf in 1884
“I also discoverd a method to
send a current through a gas that
depends on the inducing action
of another current and requires
no electrodes at all.”
Hittorf wrapped several turns of
insulated wire around a tube and
discharged a Leyden jar through
it – which caused a flash in the
rarefied air

Hittorf (1884) Annalen der Physik 257 90 – 139



Introduction

Hittorf’s experiments were picked up
by J. J. Thomson and his studies
extended almost four decades
Just like Hittorf, Thomson was
convinced that the discharge was
formed due to induction phenomenon
Based on this idea Thomson
developed a model of the discharge
– which we discuss later
But the idea that the discharge was
due to induction was not accepted by
everyone

Thomson (1891) Philosophical Magazine, Series 5 32

321 – 336, 445 – 464



Introduction

Nikola Tesla: “Prof. J. J. Thomson’s view of the
phenomena under consideration seems to be that
they are wholly due to electro-magnetic action. I was,
at one time, of the same opinion, but upon carefully
investigating the subject I was led to the conviction
that they are more of an electrostatic nature.”

Tesla (1891a) The Electrical Engineer XII(165) 14–15

and later “I did not, as Prof. J. J. Thomson seems to
believe, misunderstand his position in regard to the
cause of the phenomena considered, but I thought
that in his experiments, as well as in my own,
electrostatic effects were of great importance.”

Tesla (1891b) The Electrical Engineer XII(173) 233



Introduction

From MacKinnon (1929)

The debate on the workings of the discharge lasted for
decades
But in 1929 MacKinnon explained that electrostatic
potential between the coil ends (E mode) preceeded
electromagnetic induction (H mode)



Introduction

From Amorim et al. (1991) JVSTB 9 362 – 365

At low power the discharge operates in E mode and at high
power in H mode
There is a jump in the plasma density when the discharge
transitions from E mode to H mode



Introduction

At low power, a dim discharge is
observed (E mode), and on
increasing the rf power and coil
current, the discharge light emission
increases abruptly by almost two
orders of magnitude (H mode)
Emission from the argon 419.8 and
420.0 nm lines in a pure argon
discharge at 0.1 Torr as a function of
the rf coil current amplitude
A pronounced hysteresis is observed
– which can be due to stepwise
ionization and/or a change in the
EEDF during the mode transition

Kortshagen et al. (1996) Journal of Physics D 29 1224



Experimental characterization



Electrostatic probe diagnostics

A metal probe, inserted in a discharge and biased
positively or negatively to draw electron or ion current, is
one of the earliest and still one of the most useful tools for
diagnosing a plasma.
These probes, introduced by Irving Langmuir are usually
called Langmuir probes



Electrostatic probe diagnostics

From Lieberman and Lichtenberg (2005).

At the probe voltage VB = Φp, the probe is at the same
potential as the plasma and draws mainly current from the
more mobile electrons, which is designated as positive
current flowing from the probe into the plasma
For increasing VB above this value, the current tends to
saturate at the electron saturation current, but, depending
on the probe geometry, can increase due to increasing
effective collection area



Electrostatic probe diagnostics

For VB < Φp electrons are repelled
according to the Boltzmann relation,
until at Φf the probe is sufficiently
negative with respect to the plasma that
the electron and ion currents are equal
such that I = 0
Φf is known as the floating potential,
because it is the potential at which an
insulated probe, which cannot draw
current, will float
For VB < Φf, the current is increasingly
ion current (negative into the plasma),
tending to an ion saturation current

From Lieberman and Lichtenberg (2005)



Electrostatic probe diagnostics

The electron energy distribution function (EEDF) can be
determined from the I − V characteristics

ge(V ) =
2m
e2A

(
2eV
m

)1/2 d2Ie
dV 2 (1)

We often use the electron energy probability function
(EEPF)

gp(E) = E−1/2ge(E) (2)

For a Maxwellian distribution

gp(E) =
2√
π

neTe
−3/2 exp(−E/Te) (3)

such that ln gp is a linear function of E



Electrostatic probe diagnostics

The electron density ne is then

ne =

∫ ∞
0

ge(E) dE (4)

and the average energy of electrons

〈E〉 =
1
ne

∫ ∞
0
Ege(E) dE (5)

The effective electron temperature is defined as

Teff =
2
3
〈E〉 (6)

The maximum in the first derivative dIe/dVB of the electron
current is also a good indicator for the location of the
plasma potential Φp



Electrostatic probe diagnostics

The measured electron density and electron energy
distribution function in the ICP source at 30 and 15 mTorr



Particle and energy balance in discharges



Particle and energy balance

For low pressure discharges the plasma is not in thermal
equilibrium and the electrical power is coupled most
efficiently to plasma electrons
Consider an argon discharge
In its simplest form argon discharge consists of

e,Ar,Ar+,Ar∗

There are electron-atom collisions

e + Ar −→ Ar+ + 2e (ionization)

e + Ar −→ Ar∗ + e −→ Ar + e + photon (excitation)

e + Ar −→ Ar + e (elastic scattering)



Electropositive plasma equilibrium

The reactions are described by rate coefficients

k(Te) = 〈σ(vR)vR〉 =

(
2e
me

)1/2 ∫ ∞
0

σ(E)E1/2f (E)dE

where σ(vR) is the cross section and vR is the relative
velocity of colliding particles
The most important rate coefficients for electron collisons
in argon are

kiz : for electron-neutral ionization
kex : for excitation
kel : for momentum transfer



Electropositive plasma equilibrium

The electron energy distribution function (EEDF) is usually
assumed to be Maxwellian

ge(E) =
2√
π

1

T3/2
e

exp

(
− E

Te

)
We can also assume a general electron energy distribution

ge(E) = c1E1/2 exp (−c2Ex )

c1 =
1

〈E〉3/2
[Γ(ξ2)3/2]

[Γ(ξ1)5/2]
and c2 =

1
〈E〉x

[Γ(ξ2)]

[Γ(ξ1)]x

where ξ1 = 3/2x and ξ2 = 5/2x
Here x = 1 and x = 2 correspond to Maxwellian and
Druyvesteyn electron energy distributions, repectively



Electropositive plasma equilibrium

Gudmundsson (2001) PSST 10 76 – 81

A plot of the electron energy probability function
gp(E) = ge(E)E−1/2 versus the electron energy



Electropositive plasma equilibrium

Cramer (1959) Journal of Chemical Physics 30 641–643

Argon ions collide with argon atoms

Ar+ + Ar −→ Ar+ + Ar (elastic scattering)

Ar+ + Ar −→ Ar + Ar+ (charge transfer)



Electropositive plasma equilibrium

The total cross section for ions at room temperature

σi ≈ 10−18 m2

The ion-neutral mean free path – the distance an ion
travels before colliding is

λi =
1

ngσi
= λi [cm] =

1
330 p [Torr]

where ng is the neutral gas density – λi ≈ 1 cm at 3 mTorr
The combined ionic momentum transfer cross section
includes charge transfer and eleastic collision



Electropositive plasma equilibrium

There are three energy loss processes:
Collisional energy Ec lost per electron-ion pair created

Ec(Te) = Eiz +
n∑

i=1

kex,i

kiz
Eex,i +

kel

kiz

3me

M
Te

Electron kinetic energy lost to walls

Ee = 2Te if Maxwellian EEDF

Ion kinetic energy lost to walls

Ei ≈ V̄s

or mainly the dc potential across the sheath



Electropositive plasma equilibrium

Hjartarson et al. (2010) PSST 19 065008

The collisional energy loss per electron-ion pair created for
argon, hydrogen atoms and hydrogen molecules assuming
Maxwellian EEDF



Electropositive plasma equilibrium

Ions are lost at the Bohm velocity at the plasma-sheath
edge

ui = uB =

(
kBTe

M

)1/2

assuming Maxwellian energy distribution or more generally

vi = 〈E〉1/2
(

2
M

)1/2 [Γ(ξ1)]

[Γ(ξ2)Γ(ξ3)]1/2

where ξ1 = 3/2x , ξ2 = 5/2x and ξ3 = 1/2x



Electropositive plasma equilibrium

At pressures for which the ion loss velocity is the Bohm
velocity uB, the overall discharge power balance for a
cylindrical plasma is

Pabs = en0uBAeffET (7)

where

Pabs : power absorbed by plasma
Aeff : effective area for particle loss

Loss fluxes to the axial and radial walls are

Γaxial = h`n0uB and Γradial = hRn0uB



Electropositive plasma equilibrium

There are three regimes we need to take into account:
Low pressure λi ≤ (R, `). The ion transport is collisionless
and well described by an ion free-fall profile within the bulk
plasma
The profile is relatively flat near plasma center and dips
near edge,

ns

n0
' 0.5 for R � ` flat (8)

ns

n0
' 0.4 for `� R long cylinder (9)



Electropositive plasma equilibrium

Intermediate pressures R, ` ≥ λi ≥ Ti
Te

(R, `).
The transport is diffusive

h` ≡
ns`

n0
' 0.86

(
3 +

`

2λi

)−1/2

(10)

hR ≡
nsR

n0
' 0.80

(
4 +

R
λi

)−1/2

(11)

High pressures λi <
Ti
Te

(R, `)
The transport is diffusive and the density profile is well
described by a J0 Bessel function variation along r and a
cosine variation along z

h` =
nsl

n0
'

[
1 +

(
`

π

uB

Da

)2
]−1/2

(12)



Electropositive plasma equilibrium

Lieberman and Lichtenberg (2005) and Lee and Lieberman (1995)

These regimes can be joined heuristically giving

h` ≈
0.86[

3 + `/2λi + (0.86RuB/πDa)2
]1/2

hR ≈
0.8[

4 + R/λi + (0.8RuB/χ01J1(χ01)Da)2
]1/2



Electropositive plasma equilibrium

We assume a uniform cylindrical plasma and the absorbed
power is Pabs

Particle balance

ngn0kizR2`︸ ︷︷ ︸
ionization in the bulk plasma

= (2πR2h`n0 + 2πR`hRn0)uB︸ ︷︷ ︸
ion loss to walls



Electropositive plasma equilibrium

Rearrange to obtain

kiz(Te)

uB(Te)
=

1
ngdeff

where
deff =

1
2

R`
Rh` + `hR

is an effective plasma size
So given ng (pressure) and deff (pressure,dimensions) we
know Te

The electron temperature is generally in the range 2 – 5 V



Electropositive plasma equilibrium

Gudmundsson (2001) PSST 10 76 – 81

The effective electron temperature versus x for a cylindrical
discharge of radius R = 15.24 cm and length ` = 7.6 cm



Electropositive plasma equilibrium

The power balance is

Pabs︸︷︷︸
power in

= (h`n02πR2 + hRn02πR`)uBeET︸ ︷︷ ︸
power lost

Solve for particle density

n0 =
Pabs

AeffuBeET

where
Aeff = 2πR2h` + 2πR`hR

is an effective area for particle loss
Assume low voltage sheaths at all surfaces

ET = Ec + Ee + Ei = Ec(Te) + 2Te + 5.2Te



Electropositive plasma equilibrium

Gudmundsson (2001) PSST 10 76 – 81

Particle balance gives the electron temperature
only depends on the neutral gas pressure and system
dimensions

Power balance gives the plasma density
Once we know the electron temperature



Electropositive plasma equilibrium

Lieberman and Lichtenberg (2005)



Power absorption – skin depth



Skin depth

In an inductively coupled plasma source, power is
transferred from the electric fields to the plasma electrons
within a skin depth layer of thickness δ near the plasma
surface
This is by collisional (Ohmic) dissipation and by
collisionless heating process in which the bulk plasma
electrons “collide” with the oscillating inductive electric
fields within the layer
The spatial decay constant α within a plasma for an
electromagnetic wave normally incident on the boundary of
a uniform density plasma is

α =
ω

c
Im
{
κ

1/2
p

}
≡ δ−1 (13)



Skin depth

From the relative plasma dielectric constant

κp = 1−
ω2

pe

ω(ω − jνm)
' −

ω2
pe

ω2(1− j νm
ω )

(14)

we can define three regimes
νm � ω, collisionless

α =
ωpe

c
=

1
δp

(15)

δp =

(
m

e2µ0ns

)1/2

(16)



Skin depth

νm � ω, collisional

α =
1√
2
ωpe

c

(
ω

νm

)
≡ 1
δc

(17)

and

δc =

(
2

ωµ0σdc

)1/2

(18)



Skin depth

For v e
2δe
� ω, νm a stochastic collision frequency can be

defined

νstoc =
Cev e

δe
(19)

and

δe =
c
ωpe

(
2Cev e

ωδe

)1/2

(20)

or

δe =

(
2Cec2v e

ωω2
e

)
=

(
2Cev e

ωδp

)1/3

δp (21)

is the anomalous skin depth and Ce ' 1/4.



Transformer model



Discharge operation and coupling

Lieberman and Lichtenberg (2005)

The inductive plasma source can be modeled as a
transformer
Evaluating the inductance matrix for this transformer,
defined through

Ṽrf = jωL11 Ĩrf + jωL12 Ĩp

Ṽp = jωL21 Ĩrf + jωL22 Ĩp

where the tildes denote the complex amplitudes



Discharge operation and coupling

Assume a uniform density cylindrical discharge in the
geometry ` ≥ R.

Assume N turn coil of radius b > R
The power absorbed by the plasma is

Pabs =
1
2

J2
θ

σdc
2πR`δp (22)

and the plasma current

Ip = Jθ`δp (23)



Discharge operation and coupling

Here Jθ is the amplitude of the induced rf azimuthal current
density at the plasma edge near r = R (opposite in
direction to the applied azimuthal current in the coil)
The effective conductivity is

σeff =
e2ns

mνeff

with νeff = νstoc + νm a sum of collisional and stochastic
heating
Letting Ip = Jθ lδ to be the total induced rf current amplitude
in the plasma skin and defining the plasma resistance
through

Pabs = 1
2 I2

p Rp (24)



Discharge operation and coupling

Thus we have the plasma resistance

Rp =
2πR
σdc`δp

(25)

The plasma inductance is found by using

Φ = L22Ip = µ0R2πHz (26)

where

Hz = Jθδp (27)

thus

L22 =
µ0πR2

`
(28)



Discharge operation and coupling

The voltage applied to the coil is

V rf = jωL11 Ĩrf + jωL12 Ĩp (29)

where

L11 =
Φ

Irf

∣∣∣∣̃
Irf=0

=
N 2µ0πb2

`
(30)

and

M = L12 = L21 =
φcoil

Ĩp

∣∣∣∣∣̃
Irf

=
µ0πR2N

`
(31)

Earlier we had

L22 =
Φp

Ip

∣∣∣∣̃
Irf=0

= µ0
πR2

`
(32)



Discharge operation and coupling

Lieberman and Lichtenberg (2005)

To describe the plasma use

Ṽp = −Ĩp(Rp + jωLp) (33)

whith

Lp =
Rp

νeff
(34)

due to phase lag between the rf electric field and the
conduction current



Discharge operation and coupling

Solve for impedance seen at the primary

Zs =
Ṽrf

Ĩrf
= jωL11 +

ω2M2

Rp + jω(L22 + Lp)
(35)

so

Ls =
µ0πR2N 2

`

(
b2

R2 − 1
)

(36)

if R2
p + ω2L2

p � ω2L2
22 and

Rs ' N 2 2πR
σeff`δp

(37)

Then

Pabs = 1
2 |Irf|

2Rs (38)



Discharge operation and coupling – low density

At low densities when δ ≥ R the conductivity is low and the
fields fully penetrate the plasma
In this case, applying Farday’s law to determine Eθ within
the coil ∮

C
E d` = −dΦ

dt
(39)

so

2πrEθ(r) = −jωµ0
N Irf
`
πr2 (40)

or

Eθ(r) = −1
2 jωrµ0N Irf/` (41)



Discharge operation and coupling – low density

Then the induced current is

Jθ = jωε0κpEθ (42)

and if νm � ω

Jθ ∝ n0rIrf (43)

The power absorbed

Pabs =
1
2

∫ R

0

J2
θ (r)2πr`
σeff

dr (44)

=
1
2

I2
rf
πe2n0νeffµ

2
0N 2R4

8m`
(45)

∝ n0I2
rf (46)



Discharge operation and coupling

To estimate the rf voltage across the sheath, Ṽsh, at the
high-voltage end of the coil, we note that the sheath
capacitance per unit area is ∼ ε0/sm and the capacitance
per unit area of the dielectric cylinder is ∼ ε0/(b − R)

Assuming that the plasma is at ground potential, then the
voltage across the sheath is found from the capacitive
voltage divider formula,

Ṽsh = Vrf
sm

b − R + sm



Discharge operation and coupling

Using the modified Child law, we calculate the sheath
thickness from

ensuB = 0.82ε0

(
2e
M

)1/2

V 3/2
rf

(
sm

b − R − sm

)3/2 1
s2

m

which is a cubic equation in sm

However, for high densities for which sm � b − R this
simplifies to

sm ≈
(

0.82ε0
ensuB

)(
2e
M

)
V 3

rf
(b − R)3

sm in an inductively coupled discharge is much smaller
than in a capacitive discharge



Electromagnetic modeling



Electromagnetic modeling

In the inductive mode the gas discharge is sustained by
induction from a time-varying magnetic field
Within the plasma, however, the primary field is attenuated
exponentially, characterized by the penetration depth or
skin depth of the plasma
Assuming a discharge tube where `� R we follow the
early derivations of Thomson

Thomson (1891) Philosophical Magazine, Series 5 32 321 – 336, 445 – 464

Thomson (1927) Philosophical Magazine, Series 7 4 1128 – 1160

Maxwell’s equations for a medium of dielectric constant
ε = ε0εp in cylindrical coordinates reduce to

dHz

dr
= −jωεEθ

and
1
r

d
dr

(rEθ) = −jωµoHz



Electromagnetic modeling

The plasma dielectric constant is

εp = 1−
ω2

pe

ω(ωeff − jνeff)

In the limit that the that the displacement current jωεoE is
small compared to the conduction current we can write

dHz

dr
= −σEθ

Eliminating Hz from the equations we obtain

1
r

d
dr

(
r
dEθ
dr

)
−
(

1
r2 − jω2µoε0εp(r)

)
Eθ = 0



Electromagnetic modeling

For an inductive discharge in the in the cylindrical
configuration the boundary conditions are Eθ(r = 0) = 0
and Eθ(r = R) = Eoθ

The electric field amplitude at the radial boundary Eoθ is
found from the power balance within the discharge
The power density at a radius r is

pabs(r) =
1
2

Re[σ(r)](Eθ(r))2

and the total power absorbed in the discharge

Pabs = 2πL
∫ R

0
pabs(r)rdr

from which we can find the electric field amplitude at the
sheath edge Eoθ for a given absorbed power



Electromagnetic modeling

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

3

3.5

r [cm]

n
e
×

1
0
18

[m
−
3
]

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

r [cm]

δ
[c
m
]

 

 

1 mTorr
5 mTorr
10 mTorr
100 mTorr

Pabs = 300 W, ` = 30 cm and R = 2.5 cm

We improve on the assumption of a uniform density and
assume a parabolic electron density profile

h(r) = (hR − 1)
r2

R2 + 1

is the normalized electron density within the discharge, n0
is the centre density

h(r) =
n(r)

n0



Electromagnetic modeling
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Pabs = 300 W, ` = 30 cm and R = 2.5 cm

The magnetic field along the discharge axis and the
azimuthal electric field



Electromagnetic modeling
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From Ohm’s law, knowing the azimuthal electric field and
the plasma conductance, the current density at radius r is

Jθ(r) = |σ(r)Eθ(r)|



The planar configuration



Planar configuration

From Hopwood et al. (1993a) JVSTA 11 147 – 151 From Lieberman and Lichtenberg (2005)

The inductively coupled plasma discharge in the planar coil
configuration typically generates relatively uniform low
aspect ratio plasmas with densities between 1017 and 1018

m−3 over substrate diameters of 20 cm or more



Planar configuration

The inductively coupled plasma discharge in the planar coil
configuration is a commonly used for materials processing



Planar configuration

From Hopwood et al. (1993b) JVSTA 11 152 – 156

The ion density as a function of power for a planar
inductive discharge in argon and krypton



Planar configuration

From Hopwood et al. (1993a) JVSTA 11 147 – 151

In axisymmetric geometry, the coil generates an inductive
field having magnetic components Hr (r , z) and Hz(r , z),
and an electric component Eθ(r , z)



Planar configuration

From Lieberman and Lichtenberg (2005) or originally from Wendt (1997)

When a plasma is formed below the coil, then from
Faraday’s law an azimuthal electric field Eθ and an
associated current density Jθ are induced within the
plasma
The plasma current, opposite in direction to the coil
current, is confined to a layer near the surface having a
thickness of order the skin depth δ



Planar configuration

1 mTorr argon from Godyak and Piejak (1997) JAP 82(12) 5944–5947

Two-dimensional, phase resolved magnetic probe
measurements in a low pressure inductively coupled
cylindrical plasma source driven with a planar coil



Planar configuration

10 mTorr argon from Godyak and Piejak (1997) JAP 82(12) 5944–5947

The rf electric field and current density distributions
determined from these measurements exhibit an abnormal
nonmonotonic spatial evolution – anomalous skin effect



Planar configuration

From Mahoney et al. (1994) JAP 76 2041 – 2047

Sometimes an electrostatic shield (Faraday shield) placed
between the coil and the plasma further reduces the
capacitively coupling if desired, which allowing the
inductive field to couple unhindered to the plasma
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